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New version of Log-Logistic distribution: properties and
applications to survival time and demographic data

Arjun Kumar Gaire'

ABSTRACT

This paper proposes a Deflation-Inflation Log-Logistic (DILLog) distribution as a sub-model
of the Deflation-Inflation Distributed (DID) family, introduced by Alodat and Al-Rawwash
(2021). The proposed model offers greater flexibility than the original model in fitting data
from real-world problems, especially for survival times and demographic data. The DILLog
model is characterized by unimodal right-tailed density and hazard rate functions, and its
key statistical properties, including the cumulative distribution function and a closed-form
quantile function,are derived. To test the performance of the distribution, a simulation study
has been used as well as an application to two real data sets: the age at menarche of Nepalese
girls and the survival times of patients suffering from melanoma disease. To illustrate the
usefulness and application of the proposed distribution, its parameters were estimated by
using the maximum likelihood estimation method. The analysis and plots of the fitted re-
sults attest to the the DILLog model being flexible enough to fit the right-skewed real data.
The actual application of demographic and survival datasets demonstrates that the DILLog
distribution outperforms comparative models.
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1. Introduction

In the recent literature on univariate probability distributions, various researchers, statis-
ticians, and mathematicians have introduced numerous new distributions. These include
pioneering new families and modifying the existing distribution by adding extra parame-
ters, such as shape, scale, location, or threshold, to the original distribution. They aimed to
meet the increasing demand for a flexible distribution in various aspects of everyday life.
Such modified distributions have been applied to model a wide range of fields, including
economics, physics, bio-statistics, engineering, and many others. Recently, such new dis-
tributions have been utilized in actuarial data analysis (Mohammad and Cooray, 2024), de-
mography (Gaire and Aryal, 2015; Gaire et al., 2022; Gaire, 2023; Gaire et al., 2024a), and
various other applications reported in the literature. In this study, a new Deflation-Inflation
Log-Logistic (DILLog) distribution is introduced, based on the Deflation-Inflation (DI) dis-
tribution, the concept proposed by Alodat and Al-Rawwash (2021). Further, some statistical
properties of the distribution have been formulated to illustrate its flexibility and applicabil-
ity. Two real data sets of the age at menarche of Nepalese girls and the survival time of pa-
tients suffering from melanoma disease have been applied. The results of data fitting using
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the new model were compared to those of the LLog, Transmuted LLog (TrLLog), and Ku-
maraswamy LLog (KuLLog) distributions. Akaike’s information criteria (AIC), Bayesian
information criteria (BIC), Kolmogorov-Smirnov (KS) test, and Anderson-Darling (AD)
test have been used to test the significance of fitting the data sets. The proposed model is
found to be more flexible and a better fit to the data than the selected probability distribu-
tions.

The rest of the manuscript is organized as follows. Section 2 introduces a new DILLog
distribution that has been formulated. In Section 3, some statistical properties and the rule
for generating random numbers are derived. Section 4 includes the methods of parameter
estimation. Section 5 presents the simulation study, and Section 6 contains the numerical
application and model validation using two actual sets. Finally, section 7 concludes the
manuscript.

2. Model formulation

In this study, a new univariate statistical distribution, named the DILLog distribution, is
formulated by applying the DI-family of distributions (Alodat and Al-Rawwash, 2021). The
cumulative density function (CDF) and probability density function (PDF) of the DI-family
of distribution are expressed in Equations 1 and 2 as follows:
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where the g(x) and G(x) are the PDF and CDF of the base distribution to be chosen. In
the DI-family of distribution, the parameter A is called the inflation-deflation parameter and
controls how the new distribution deviates from the baseline distributions. When A = 0, the
DI distribution reduces to the baseline distribution, which means no inflation or deflation
occurs. When A > 0, the DI distribution exhibits inflation of the base PDF in the tail or
central region. It increases the tail’s heaviness, making large values more likely. Further,
with the value of the parameter in the range —1 < A < 0, the distribution exhibits deflation,
reducing the PDF in the tails or central regions so that it produces lighter tails than the base-
line distribution (Alodat and Al-Rawwash, 2021, P. 3). In this study, the LLog distribution
is chosen as a base distribution. Because of the flexible nature of the LLog distribution,
it has been used to modeling different real-world problems and also has been chosen as
a base distribution in different generalized and modified versions such as Kumaraswamy
LLog (De-Santana et al., 2012), Beta LLog (Lemonte, 2014) using the concept of Eugene
et al. (2002) and Jones (2004), Transmuted LLog (Aryal, 2013), Marshall-Olkin extended
LLog (Gui, 2013). Further, Zografos-Balakrishnan LLog (Hamedani, 2013), McDonald
LLog (Tahir et al., 2014), Additive Weibull LLog (Hemeda, 2018), Transmuted generalized
LLog (Adeyinka et al., 2019), Skew LLog (Gaire et al., 2019, Gaire and Gurung, 2024b),
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and Rayleigh Generated LLog (Gaire and Gurung, 2024a). In the same line, in this study,
the LLog distribution has been chosen as the base distribution to formulate a four-parameter
DILLog distribution as a special case of the DI-family of distribution.

The PDF and the CDF of the three-parameter LLog distribution are given as:
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where the first constant o > 0 is the shape parameter, the second constant 8 > 0 is the scale
parameter, and the third constant x > 7 is the location parameter. In many cases, we need a
threshold parameter to guarantee that no failure occurs before a given time. Here, we chose
the LLog distribution with the third parameter y > 0, since many research studies report

positive data exceeding a certain threshold. For example, the age of a girl at menarche is, of
course, greater than zero.

After substituting the value of g(x) and G(x) of the LLog distribution in Equations 1 and
2, the CDF and PDF of the DILLog distribution are obtained and expressed in Equations 5
and 6 as follows. Both the CDF and PDF satisfy the required validity conditions, with the
CDF meeting the boundary conditions and the PDF being non-negative and integrating to
unity over the specified range (0, oo).
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The PDF and CDF of the DILLog distribution for selected parameter values are plotted
in Figures 1 and 2, respectively.

The reliability function R(x), which is the probability of an item not failing before some
time x, is defined by R(x) = 1 — F(x). Thus, the reliability function of a DILLog probability
distribution is given in Equation 7, and its visual representation is shown in Figure 3.
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Figure 1. Plots of the PDF of DILLog distribution for different value parameters
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Figure 2. Graph of the CDF of DILLog for different values of parameters
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The conditional probability of failure assuming that it has survived up to the time x is
given by the hazard rate function defined by A(x) = 5 f 'Ef()x). The hazard rate function of
the DILLog distribution is given by Equation 8, and its graphical representation is shown
in Figure 4. The hazard rate curve exhibits a rapidly increasing unimodal shape. Then it
decreases steadily to attain the right-tailed curve, suggesting that this shape is suitable for

modeling right-tailed data.
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Figure 3. The plot of the reliability function of the DILLog probability distribution
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Figure 4. Plot of hazard rate function of DILLog distribution

The cumulative hazard rate function defined by H(x) = —/n[R(x)) of the DILLog dis-
tribution has been expressed in Equation 9 and is illustrated graphically in Figure 5. All
of these functions support survival and reliability testing, actuarial data modeling, demo-
graphic data modeling, and numerous other fields.

Hx)=Ln|1— In

€))



6 A. K. Gaire: New Version of Log-Logistic distribution: properties...

o _|
eV
o
eV
X o _|
e
T
o _| a=3,p=2,y=15,1=12
—
a=5,p=4,y=15,1=14
LD —]
a=7,p=6,y=15,1=16
O — oa=9,8=8,y=15,1=18
I I I
50 100 150
X

Figure 5. Graph of cumulative hazard rate function for different values of parameters

3. Statistical properties

In this section of this research, some structural properties of the DILLog distribution
were presented.

3.1. Linear representation

For a more straightforward calculation of statistical features and further use of this
model, the linear representations of the PDF and CDF of the DILLog distribution were
presented. For this, the following series expansions were used.

The Taylor series expansion of the natural logarithm, given in Equation 10, where m € N
is a positive integer.

=

n(l+x) = Z , for x| < 1 (10)

Also, the geometric series expansion is expressed in Equation 11, where j € Ny is a
non-negative integer.
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Using these expansions Equation 12 represents the expanded form of the PDF and Equa-

tion 13 represents the expanded form CDF of DILLog distributions, where m € N, and
i,]j € No.

o oo l+1 x—y o(i+j+1)—-1
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3.2. Quantile function and random number generation

The random number of the DILLog distribution was generated by inverting the CDF
expressed on Equation 5. For this, let us suppose F(x) = U, where U is the function that
follows the uniform distribution in [0, 1].
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The expression in Equation 14 is serves as the quantile function which used is also used
to generates random numbers that follow the DILLog distribution. By specifying the pa-
rameter values for this distribution, a set of random numbers describing the future scenario
can be generated using simulation.

4. Method of parameter estimation

The maximum likelihood estimates (MLEs) of the parameters involved in the DILLog
distribution are given as follows: Let X;,X>, ..., X, be a random sample of observed values
from a DILLog distributed random variable X. Then the likelihood function is given by
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After taking the natural logarithm of Equation 15 on both sides, the log-likelihood func-
tion of the DILLog distribution becomes
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The components of the score vectors to estimate the parameter of the distribution are
given by the partial derivative with respect to the parameters as:

81nL n Zl< )_i{(l_’_(xi;y)a)l(xi;y)aln(xiEY) (17)
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The parameters of the DILLog distribution are estimated by solving the nonlinear sys-
tem of equations equating the score vector to zero. As these equations do not yield closed-
form solutions, various numerical optimization techniques can be applied. Standard meth-
ods include the Newton-Raphson iterative method, which uses first and second derivatives
for rapid convergence; the Fisher Scoring method, a variant of Newton-Raphson, which
uses the expected information matrix to improve stability; the Broyden—Fletcher—Goldfarb—
Shanno (BFGS) algorithm, a quasi-Newton approach, which approximates the Hessian
without requiring second derivatives; and the Nelder-Mead simplex method, a derivative-
free technique suitable for non-differentiable or noisy likelihood surfaces. Depending on
the problem context and computational considerations, any of these methods may be used
to obtain the maximum-likelihood estimate of the distribution parameters.

5. Simulation study

To test the performance of the maximum likelihood estimate method presented in the
previous section, a simulation study is performed. For this, the suggested quantile func-
tion of the new distribution was used to generate random numbers that follow the DIL-
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Log distribution. Three distinct parameter sets were selected to create random samples,
each representing different shapes and scales of the DILLog distribution. The first set
(y=1.0,  =2.0, B =0.5, L = 1.0) corresponds to a distribution with a relatively higher
shape parameter, indicating a more peaked and less skewed behavior. The second set
(y=2.0, x=1.0, B =0.6, A = 2.0) models a distribution shifted to the right with moder-
ate scale and moderate inflation effects. The third set (y=1.0, a =1.0, § =0.7, A = 3.0)
features a lower shape parameter with a larger scale and higher inflation parameter, resulting
in a heavier tail and greater skewness. For each parameter configuration, random samples of
sizes n = 50, 100, and 500 were generated to assess the robustness of the estimation proce-
dure across varying distributional shapes and data volumes. Each sample size was repeated
N = 1000 times. The MLE technique was used to estimate the parameters, the algorithm
used was Limited-memory BFGS with Box (L-BFGS-B) constraints. The mean estimated
values of the parameters were tested using bias of estimation, variance of difference, and
mean squared errors (MSEs). Tables 1 to 3 present the numerical summary of the simulation
study results for Set I, Set II, and Set III separately.

Table 1. Simulation results for set I

Sample Size Parameter True Value Estimate Bias Variance MSE

Y 1.0 1.0315  0.0315 0.0011 0.0020

50 o 2.0 3.7656 1.7656 1.6062 4.7234
B 0.5 0.5798  0.0798  0.0037 0.0101
A 1.0 04276  -0.5724  0.3182 0.6458
Y 1.0 1.0143  0.0143 0.0002 0.0004

100 a 2.0 3.9868 1.9868  2.3014 6.2489
B 0.5 0.6297  0.1297  0.0028 0.0196
A 1.0 0.6037  -0.3963  0.4832 0.6403
y 1.0 1.0029  0.0029 6x107% 1.4x107

500 a 2.0 34113 1.4113 1.0747 3.0665
B 0.5 0.6788  0.1788  0.0008 0.0328
A 1.0 0.3339  -0.6661  0.3276 0.7714

Among the four parameters, the 7y estimates exhibit excellent accuracy, with bias and
variance decreasing as the sample size increases, confirming the reliability of its estimation.
The o estimates improve significantly with larger sample sizes, as bias reduces and variance
remains within a moderate range. Similarly, 8 estimates show steady improvement, as bias
diminishes and variance decreases with increasing sample sizes. Although A estimates are
lower than the actual values, their precision improves as the sample size increases, indicating
that larger samples yield more stable estimates.
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Table 2. Simulation results for set 11

Sample Size Parameter True Value Estimate  Bias Variance MSE
Y 2.0 2.0074  0.0074 0.0001 0.0001
50 o 1.0 1.1742  0.1742 0.3836 0.4140
B 0.6 0.6491  0.0491 0.0061 0.0085
A 2.0 1.6870  -0.3130 1.7552 1.8531
Y 2.0 2.0030  0.0030 9.7x107% 1.86x 1073
100 o 1.0 1.0169  0.0169 0.3391 0.3393
B 0.6 0.7069  0.1069 0.0029 0.0144
A 2.0 1.5438 -0.4562  2.6246 2.8327
Y 2.0 2.0007  0.0007 5x107° 1x107°
500 o 1.0 0.8348 -0.1652  0.1523 0.1796
B 0.6 0.7711  0.1711 0.0009 0.0302
A 2.0 1.1891 -0.8109  2.9235 3.5811

Table 3. Simulation results for set I11

Sample Size Parameter True Value Estimate Bias Variance MSE

Y 1.0 1.0062 0.0062 4.8x1075 8.6x107°

50 o 1.0 0.9636 -0.0364  0.3245 0.3259
B 0.7 0.7045 0.0045  0.0097 0.0097
A 3.0 25322 -0.4678  2.7415 2.9603
y 1.0 1.0028 0.0028 7x107% 1.47x107°

100 o 1.0 0.8467 -0.1533  0.1475 0.1710
B 0.7 0.7760  0.0760  0.0034 0.0091
A 3.0 24397 -0.5603  3.8750 4.1889
Y 1.0 1.0006 0.0006 2.5x10~7 5.7x1077

500 o 1.0 0.7389 -0.2611  0.0819 0.1500
B 0.7 0.8330 0.1330  0.0013 0.0189
A 3.0 2.1278 -0.8722  3.2656 4.0263
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6. Application to survival and demographic data

To test the flexibility of the DILLog distribution, two real data sets have been applied.
The parameters of the proposed model and the comparative models were obtained by max-
imizing the negative log-likelihood as the Objective function using the OPTIM function
in the Adequacy Model (Marinho et al., 2019) of the R package for probability distribu-
tions (R Core Team, 2025). The AIC, BIC, KS, and AD tests were applied as validity tools
to show the flexibility and suitability of the proposed model. The KS test value measures
the maximum difference between the empirical and model CDFs. The AD statistics are
a weighted measure of the difference between the empirical and model CDFS.

The first data set is the age at menarche of Nepalese females, taken from the Nepal De-
mographic and Health Survey 2022 (MoHP, 2023). It contains 14,349 data points on the age
at menarche of Nepalese females. The second data set is from Susarla and Vanryzin (1978)
and comprises 46 data points on the survival times (months) of patients with melanoma
disease. This second data set was recently used by Mohammad and Gaire (2025). Table 4
presents the summary statistics for both data sets.

Table 4. Summary statistics of survival time for melanoma disease and age at menarche

Statistics | Min Q1 Median Mode Mean Q3 Sk K max

Melanoma | 3.25 6.75  12.88 475 1566 2231 1412 2220 585

Menarche 7 13 14 14 13.96 15 0.623 1.238 25

Both data sets were presented using the box-and-whisker plot in Figure 6. The first plot
illustrates the age at menarche for Nepalese girls and shows skewness as well as outliers
on both sides. Similarly, the second plots presents a box-and-whisker plot of melanoma
survival time, which is also right-skewed and contains one outlier.

The result obtained by fitting the proposed model was compared with a three-parameter
LLog distribution with PDF in Equation 3, a four-parameter Transmuted Log-Logistic (TrL-
Log) distribution with PDF expressed in Equation 23 taken from Aryal (2013), and
a five-parameter Kumarswamy Log-Logistic (KuLLog) distribution expressed in Equation
24, taken from De-Santana et al. (2012).

(14+2) (%Y)CH +F(1-2) (%Y)Z‘H

f(x)TrLLog = % (23)

(24)
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Figure 6. Box-and-whisker plots

Both TrLLog and KuLLog distributions were recently used to modeled demographic
data such as the age at menopause (Gaire et al., 2023), the age of a mother at birth of a child
(Gaire et al, 2024b), and the age at menarche (Gaire et al., 2024c).

Table 5 presents the goodness-of-fit test statistics and parameter estimates for the
DILLog model, along with those of competing models. For the survival time data of
melanoma patients, the DILLog distribution shows superior performance, with the lowest
AIC (332.2680) and BIC (339.5830), as well as the smallest KS statistic (0.0586) and AD
statistic (0.1798) among the models compared. Although the associated p-values for the KS
and AD tests are relatively high (e.g. 0.9975 for KS and 0.9950 for AD), it is essential to
emphasize that these p-values do not directly measure model fit. Instead, they indicate in-
sufficient evidence to reject the null hypothesis that the data follow the DILLog distribution.
A high p-value, in this context, reflects the absence of strong evidence against the model but
does not confirm its adequacy. The model selection should primarily be based on compara-
tive fit measures such as AIC, BIC, and the observed values of KS and AD statistics, rather
than the magnitude of the p-values. Based on these criteria, the DILLog model emerges as
the most appropriate choice for these data sets.

Similarly, Table 6 presents goodness-of-fit test statistics and parameter estimates for the
DILLog model and other comparative models of the age at menarche of Nepalese girls. For
this data set, multiple validity criteria confirm that the proposed DILLog distribution per-
forms best in testing age-at-menarche data. The proposed model exhibits the minimum AIC
(112102) and BIC (112135) values. For the age-at-menarche data of Nepalese girls, the
DILLog model has the lowest KS value (0.1359) among the compared models, indicating
the best fit. For this data set, the DILLog shows the lowest AD statistic (587.8871) among
all compared models, showing it provides the best fit to the data. The comparative analysis
reveals that the DILLog distribution provides the best overall fit among the models consid-
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Table 5. Estimated parameter values and various goodness-of-fit test statistics for survival
time for melanoma disease

Parameters / LLog KuLLog TrLLog DILLog
Test Statistics

o 1.727 0.175 1.727 5.894

B 8.934 8005.975 8.986 36.694

Y 2.683 3.164 2.683 0.661

A - - 0.01 859554.2

a - 8.026 - -

b - 81477.4 - -

AIC 335.1957 334.2525 337.1959 332.268
BIC 340.6817 343.3957 344.5104 339.583
KS 0.078 (0.941)  0.0633 (0.993) 0.0782 (0.941)  0.0586 (0.997)
AD 0.397 (0.851)  0.259 (0.965) 0.397 (0.851)  0.1798 (0.995)

Table 6. Estimated parameter values and various test statistics for the age at menarche

Parameters / LLog KuLLog TrLLog DILLog
Test Statistics

a 9.829 7.742 13.576 13.535

B 8.408 12.197 12.929 10.594

Y 5.418 0.010 0.010 5.012

A - - -0.971 141.899

a - 4.502 - -

b - 2.603 - -

AIC 112511.9 1121541 112397.4 112102.0
BIC 112536.9 112195.7 112430.7 112135.0
KS 0.143 (0.000) 0.140 (0.000) 0.152 (0.000) 0.136 (0.000)
AD 618.519 (0.000) 596.077 (0.000) 626.275 (0.000) 587.887 (0.000)

ered, as indicated by its lowest AIC, BIC, KS, and AD values. These results highlight the
flexibility and robustness of the DILLog model in capturing the underlying structure of the
menarche data. Although the KS test yields very small p-values of 0.0000, this should not
be viewed as a sign of a poor model fit. Rather, such p-values are commonly observed in
large samples, where even minor deviations from the theoretical distribution become statis-
tically significant. Notably, model selection in this context relies primarily on AIC, BIC,
KS, and AD values, rather than the associated p-values. Therefore, despite the limitations of
p-values in large sample settings, the DILLog model remains the most suitable and preferred
choice for the menarche data.

Figure 7 presents the histogram of observed number of melanoma survivors together
with the fitted curves from different models. The DILLog model is found to better fit the
data across multiple validity criteria, as confirmed by the fitted graphs and the test results.
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Similarly, the histogram of the observed number of Nepalese girls at age at menarche to-
gether with the fitted curves from different models was presented on Figure 8. The DILLog
model is found to better fit the data across multiple validity criteria, as confirmed by the

fitted graphs and the test results.
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7. Conclusions

This study introduced a new probability distribution, the DILLog distribution, formu-
lated as a sub-model within the DI family of distributions, with the LLog distribution serving
as its baseline due to its recognized flexibility and practical relevance. Several fundamental
statistical properties of the proposed model were derived, providing a comprehensive the-
oretical foundation. Parameter estimation was carried out using the maximum likelihood
method, ensuring efficient and reliable estimation across competing models. To evaluate
the robustness and practical applicability of the DILLog distribution, both numerical simu-
lations and empirical analyses based on two real data sets were conducted. The results from
multiple goodness-of-fit tests consistently demonstrated that the proposed DILLog model
outperformed the selected models, confirming its superior flexibility and fitting capability.
The findings indicate that the DILLog distribution is a valuable addition to the DI family
and holds strong potential for broader applications in statistical modeling and data analysis.
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